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1. z:\/§—3i

(@) Write z in the form r(cosé +isinf) where -t <6 < n

(b) Show and label on a single Argand diagram
(i) the point P representing z

(if) the point Q representing iz

(c) Describe the geometrical transformation that maps P onto Q

(2)

(2)

)
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

f(z) = 42° - 122° - 952 + 325

Given that f(-5)=0

(a) determine f(z) in the form (z + a)(bz* + cz + d) where a, b, ¢ and d are integers.

(b) Hence show that the complex roots of f(z) = 0 are %

(c) Determine the values of z such that f(2z-1) =0

(3)

(2)

(2)
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( )
3 M = a b
' -1 -1
where ¢ and b are real constants and a # b
(a) Determine M™ in terms of ¢ and b
©)
Given that M + M™ = I, where | is the 2 x 2 identity matrix,
(b) determine the value of a and value of b
©)
\_ y,
000 A RO A e
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4. (i)

(i)

2 0
01

(@) Describe fully the single geometrical transformation P represented by the
matrix P.

(b) State the equation of one invariant line under the transformation P.

Q= cos20 0 where 0 < 6 < 360°
1 tan2¢ D

The matrix Q represents the transformation Q.

Triangle T is transformed to triangle 7" by the transformation Q.
Given that

» the coordinates of the vertices of T are (2, 3), (3, 6) and (8, 3)
o theareaof 7"is 4.5

determine the possible values of 6

(Solutions relying entirely on calculator technology are not acceptable.)

(2)

1)

(7)

J
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Question 4 continued
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r’

5.

A complex number z is represented by the point P in the complex plane.

Given that z satisfies
|z-1|=1

(@) sketch on an Argand diagram the locus of P as z varies.

(2)

Given that z also satisfies
arg(z+1)=46

(b) determine the possible values of 8 such that the locus arg(z + 1) = @ is a tangent to
the locus |z-1|=1

3)

(c) Hence determine the exact possible complex numbers z.
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Question 5 continued
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7

6. Prove by induction that for all positive integers n

3 1 2 2
r’==—n“(n+1
S+

r=1

(6)
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Ya

24m

Figure 1 Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of a hot air balloon.
When filled with air the balloon has a height of 24 metres.

Figure 2 shows a sketch of the curve C with equation
350" = (12 + y)* (A —)") x>0

where A is a constant.
The balloon is modelled by rotating C through 360° about the y-axis.
Given that one y intercept of C is 12

(@) show that A =144
1)

(b) Use algebraic integration to determine the volume of air needed to fill the balloon,
according to the model, giving the answer to 2 significant figures.

(5)

(c) Modify the equation 350x* = (12 + y)* (144 — »°) to model a mathematically similar
balloon with a height of 26 metres.

1)

(d) State one limitation of the models.

1)
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Question 7 continued
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r’

8. The first n triangular numbers are

1,3,6,10, ..., %n(n+1)

where n is a positive integer.

n n
(@) Use the standard results for Z r? and Z r to show that the sum of the first
r=1 r=1
n triangular numbers is

é n(in+1)(n+2)
()

(b) Hence determine the value of n for which the sum of the first n triangular numbers
is 22n.

(2)
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Question 8 continued
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(Total for Question 8 is 7 marks)
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4 )
9. An engineer detects a source of water below the surface of the ground. The engineer
models the situation relative to a fixed origin O.
In the model
» the surface of the ground is a plane 77 with equation x -2y +8z=1
» the source of water is at a point W with coordinates (6, -2, —4)
where the units are metres.
(@) Use the model to determine the shortest distance from W to the surface of
the ground.
(2)
(b) By considering the model, comment on whether the answer to part (a) is reliable,
giving a reason for your answer.
(1)
To access the water, a hole is drilled, in a straight line, from a point P on the surface of
the ground to W.
Given that the length of the hole needs to be as short as possible,
(c) determine the coordinates of P, according to the model.
3)
Given that the actual length of the hole drilled is 2.52 metres,
(d) use the answer to part (a) to evaluate the model, giving a reason for your answer.
1)
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Question 9 continued
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(Total for Question 9 is 7 marks)
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10. The plane 77, has equation X +y—-z=3

The plane 77, has equation ax + 3y + 5z =4 where a is an integer.
Given that /7, is perpendicular to 77,

(@) determine the value of a.

The plane 71, has equation x + by + 13z = ¢ where b and c are integers.
Given that the three planes form a sheaf,

(b) use algebra to determine the value of b and the value of c.

(2)

(6)
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Question 10 continued
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(Total for Question 10 is 8 marks)
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11. In this question you must show detailed reasoning.
f(x) =x*-21x* + Ax- 91 where A is a real constant
The roots of f(x) =0 are
a, a+3f and a+ 6f

where a and f are real constants.

Use algebra to determine the value of each of these roots.

(7)
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Question 11 continued

(Total for Question 11 is 7 marks)

TOTAL FOR CORE PURE MATHEMATICS IS 80 MARKS
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